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Two symmetries of the local nonlinear δf gyrokinetic system of equations in tokamaks in the
high flow regime are presented. The turbulent transport of toroidal angular momentum changes
sign under an up-down reflection of the tokamak and a sign change of both the rotation and the
rotation shear. Thus, the turbulent transport of toroidal angular momentum must vanish for up-
down symmetric tokamaks in the absence of both rotation and rotation shear. This has important
implications for the modeling of spontaneous rotation.
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I. INTRODUCTION
Understanding how momentum is distributed within
a tokamak is crucial to explaining experimentally ob-
served regions of reduced turbulent transport like In-
ternal Transport Barriers (ITBs) [1] and edge pedestals
[2]. In these regions of reduced transport, turbulence is
suppressed by strong velocity gradients, which are deter-
mined by the transport of toroidal angular momentum.
Nonlinear δf flux tube simulations [3–6] are extensively
used to study turbulent transport of toroidal angular mo-
mentum in tokamaks [7–14]. The time averaged turbu-
lent transport of momentum is found to be zero for up-
down symmetric tokamaks in the absence of toroidal ve-
locity and toroidal velocity gradient. This behavior was
addressed in Ref. [15], where the transport of parallel
momentum due to electrostatic fluctuations was studied
with a quasilinear model. Ref. [15] showed that the lin-
earized gyrokinetic equation has a symmetry that results
in the transport of parallel momentum vanishing for up-
down symmetric tokamaks in the absence of velocity and
velocity shear. Moreover, this analysis was successfully
employed to identify the up-down asymmetry as a drive
for momentum transport [9].
However, there are six major effects that were not
treated in the analysis of Ref. [15]. First, the symmetry
given in Ref. [15] is only valid for the linearized equa-
tion. Second, the formulation was collisionless. Third,
the effect of the E×B shear on transport of momentum
[10, 11, 16] was not considered. Fourth, the Mach number
was assumed to be small and the effect of the centrifugal
force [12] was neglected. Fifth, in the evaluation of the
radial transport of toroidal angular momentum, the con-
tribution of the component of the velocity perpendicular
to the magnetic field was neglected. Sixth, electromag-
netic effects were not taken into account. In this article,
we present the complete symmetry argument. We con-
sider the high flow regime, for which the mean velocity is
comparable to the thermal speed of the ions, and we use
the local approximation, for which the turbulent trans-
port only depends on local quantities. In this limit, the
sign of the radial transport of toroidal angular momen-
tum changes under a sign change of the average velocity
and its gradient and an up-down reflection. Thus, for
an up-down symmetric tokamak without any velocity or
velocity shear, the momentum transport is zero.
The symmetry presented here is broken if higher or-
der terms in the gyrokinetic expansion in i = ρi/a  1
are kept, giving transport of momentum that is small
in i compared to the high flow results. Here ρi is the
ion gyroradius and a is the minor radius of the tokamak.
The effect of these higher order terms on transport of
momentum is discussed in Ref. [17], where a higher or-
der equation valid in the limit of small poloidal magnetic
field is proposed. The complete higher order gyrokinetic
Fokker-Planck equation valid for any magnetic geome-
try was self-consistently calculated for the first time in
Ref. [18] for the electrostatic approximation.
The remainder of this article is organized as follows.
We first present the local δf gyrokinetic model in the high
flow regime in section II. We then show in section III that
the gyrokinetic equations have two fundamental symme-
tries that involve an up-down reflection. Finally, the con-
sequences of these symmetries for transport of momen-
tum are discussed in section IV. The most cumbersome
parts of the calculation are given in Appendices A-G.
II. LOCAL δf GYROKINETIC FORMULATION
In this section we present the local δf gyrokinetic sys-
tem of equations in the high flow ordering, for which the
average velocity of the ions Vi is of the order of the ion
thermal speed vti.
First, in subsection II A, we review the magnetohydro-
dynamic (MHD) equilibrium for a tokamak and we dis-
cuss the background density, temperature and velocity.
We then present in subsection II B the system of equa-
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2tions for the fluctuating pieces of the distribution func-
tion and the electromagnetic field. These equations are
simplified in the local limit in subsection II C. We finish
by giving the radial flux of toroidal angular momentum
as a function of the fluctuating distribution function and
electromagnetic fields in subsection II D.
A. Equilibrium
The background axisymmetric magnetic field of a toka-
mak is given by
B = I∇ζ +∇ζ ×∇ψ, (1)
where ψ is the poloidal magnetic flux, ζ is the toroidal
angle, ∇ζ = ζˆ/R, with ζˆ the unit vector in the toroidal
direction and R the major radius, and I = RBζ , with Bζ
the toroidal magnetic field. We use ψ, ζ and a poloidal
angle θ as our coordinates. The Jacobian of the trans-
formation from cartesian coordinates x into ψ, θ and ζ
is
J = |(∇ψ ×∇θ) · ∇ζ|−1 = |B · ∇θ|−1, (2)
where we take the absolute value to avoid having a sign
in the Jacobian.
In the high flow ordering, the electric field is electro-
static and purely radial to lowest order, and the poten-
tial is given by eΦ−1(ψ, t)/Te ∼ −1i , with Te the electron
temperature and e the magnitude of the electron charge.
To lowest order, all species rotate at the same speed
within a flux surface, i.e., Vs = Vi = RΩζ(ψ, t)ζˆ ∼ vti
[19–21], where the subscript s indicates the species, and
Ωζ(ψ, t) = −c(∂Φ−1/∂ψ) is the rotation frequency. To
next order, there is an axisymmetric component of the
potential, eΦ0(ψ, θ, t)/Te ∼ 1 that ensures quasineutral-
ity within a flux surface.
It is convenient to solve the equations in the frame ro-
tating with Ωζ . Thus, from now on we use the peculiar
velocity w = v−RΩζ ζˆ, where v is the velocity in the lab-
oratory frame. In the frame rotating with Ωζ , the lowest
order distribution functions are stationary Maxwellians
fMs = ns(ms/2piTs)
3/2 exp(−msw2/2Ts), where ms is
the species mass, and ns and Ts are the species den-
sity and temperature, respectively. The temperatures
Ts(ψ, t) are flux functions. Due to the centrifugal force
and the electrostatic potential, the densities are not con-
stant in a flux surface. Instead, they are given by
ns(ψ, θ, t) = ηs(ψ, t) exp
(
−ZseΦ0
Ts
+
msΩ
2
ζR
2
2Ts
)
, (3)
with ηs(ψ, t) a flux function and Zse the species charge.
Imposing quasineutrality,∑
s
Zsens = 0, (4)
gives the piece of the electrostatic potential Φ0(ψ, θ, t).
With these lowest order equilibrium distribution func-
tions, I(ψ, t) = RBζ is a flux function, and the poloidal
component of the magnetic field is determined by the
Grad-Shafranov equation
R2∇ ·
(∇ψ
R2
)
= −I ∂I
∂ψ
− 4piR2 ∂p
∂ψ
∣∣∣∣
R
, (5)
where the pressure is
p(ψ, θ, t) =
∑
s
ηsTs exp
(
−ZseΦ0
Ts
+
msΩ
2
ζR
2
2Ts
)
(6)
and
∂p
∂ψ
∣∣∣∣
R
=
∂p
∂ψ
−
∑
s
nsmsΩ
2
ζR
∂R
∂ψ
. (7)
B. Equations for the turbulent fluctuations
The δf formulation in the high flow regime is discussed
in [22–25]. It determines the turbulent pieces of the dis-
tribution function, δf¯s(x,w, t) ∼ ifMs, the electrostatic
potential, φ¯(x, t) ∼ iTe/e, the parallel component of
the vector potential, A¯||(x, t) ∼ iρiB, and the parallel
component of the magnetic field, B¯||(x, t) ∼ iB. The
perturbed electric and magnetic fields in the frame ro-
tating with velocity Ωζ are to lowest order δE¯ = −∇⊥φ¯
and δB¯ = ∇⊥A¯|| × bˆ + B¯||bˆ, where bˆ = B/B is the unit
vector in the direction of the background magnetic field,
and ∇⊥ = ∇−bˆbˆ ·∇ is the gradient perpendicular to the
background magnetic field. We assume that the perpen-
dicular gradient of the fluctuations is large, on the order
of the inverse of the ion gyroradius, ∇⊥ ∼ 1/ρi, whereas
the parallel gradient is comparable to the inverse of the
characteristic length of the device, bˆ·∇ ∼ 1/a. The over-
line ¯ over the perturbed quantities will be useful later
because the quantities without this overline will be their
Fourier transforms.
To eliminate the fast gyrofrequency time scale, it is
necessary to change to gyrokinetic phase space coordi-
nates. We use the guiding center position X = x +
Ω−1s w × bˆ, the velocity parallel to the magnetic field
w|| = w · bˆ, the magnetic moment µ = w2⊥/2B and the
gyrophase ϕ = arctan[(w × bˆ) · ∇ψ/(w · ∇ψ)], where
Ωs = ZseB/msc is the species gyrofrequency and w⊥ =
w−w||bˆ is the velocity perpendicular to the background
magnetic field. With these new coordinates, it is easy
to average out the gyrofrequency time scale. Extracting
the Maxwell-Boltzmann response from the distribution
function, i.e., δf¯s = h¯s − (Zseφ¯/Ts)fMs, h¯s(X, w||, µ, t)
can be proven to be gyrophase independent, and the δf
kinetic equation becomes
∂h¯s
∂t
+RΩζ ζˆ · ∇Xh¯s + w||bˆ · ∇Xh¯s + vd,s · ∇Xh¯s
3+a||,s
∂h¯s
∂w||
−
∑
s′
〈
C¯
(`)
ss′
〉
s
+ v¯χ,s · ∇Xh¯s
=
ZsefMs
Ts
(
∂〈χ¯〉s
∂t
+RΩζ ζˆ · ∇X〈χ¯〉s
)
−v¯χ,s ·
[
∇XfMs + msfMs
Ts
(
Iw||
B
∇XΩζ
+
Zse
ms
∇XΦ0 −RΩ2ζ∇XR
)]
, (8)
where the Maxwellian is written in the new variables as
fMs = ns(ms/2piTs)
3/2 exp[−ms(w2||/2 + µB)/Ts]. The
drift
v¯χ,s = − c
B
∇X〈χ¯〉s × bˆ (9)
accounts for the parallel motion along the perturbed
magnetic field lines and for the turbulent E×B and ∇B
drifts. The generalized potential 〈χ¯〉s is given by
〈χ¯〉s = 〈φ¯(X + ρs, t)〉s − 1
c
w||〈A¯||(X + ρs, t)〉s
−1
c
〈w⊥ · A¯⊥(X + ρs, t)〉s, (10)
where A¯⊥ is related to B¯|| by B¯|| = bˆ · (∇ × A¯⊥) and
〈. . .〉s is the gyroaverage holding X, w||, µ and t fixed.
The dependence of φ¯, A¯|| and A¯⊥ on the gyrophase is
through x = X + ρs that contains the gyroradius ρs =
−Ω−1s w × bˆ, also given by
ρs(µ, ϕ) =
√
2µB
Ωs|∇ψ| [− sinϕ∇ψ + cosϕ (bˆ×∇ψ)]. (11)
The perpendicular drifts vd,s are
vd,s = vE0 + vM,s + vco,s + vcf,s, (12)
where vE0 = −(c/B)∇XΦ0 × bˆ is the E × B drift due
to the background axisymmetric potential Φ0, vM,s =
(µ/Ωs)bˆ×∇XB+(w2||/Ωs)bˆ×(bˆ ·∇Xbˆ) are the ∇B and
curvature drifts, vco,s = (2w||Ωζ/Ωs)bˆ× [(∇XR× ζˆ)× bˆ]
is the Coriolis drift, and vcf,s = −(RΩ2ζ/Ωs)bˆ×∇XR is
the centrifugal force drift. The parallel acceleration is
a||,s = −µbˆ ·∇XB− Zse
ms
bˆ ·∇XΦ0 +RΩ2ζbˆ ·∇XR. (13)
Finally, 〈C¯(`)ss′〉s = 〈Css′ [h¯s(x − ρs, w||, µ, t), fMs′ ]〉s +
〈Css′ [fMs, h¯s′(x−ρs′ , w||, µ, t)]〉s is the gyroaveraged lin-
earized collision operator between species s and s′. Here
Css′ [fs, fs′ ] is the bilinear full collision operator, and we
have emphasized that h¯s(X, w||, µ, t) and h¯s′(X, w||, µ, t)
depend on velocity space not only through the variables
w|| and µ but also through X = x − ρs(µ, ϕ). The lin-
earized collision operator is linear in both h¯s and h¯s′ . To
show the symmetries of the local δf gyrokinetic model,
it is convenient to write the collision operator using the
Rosenbluth potentials [26]. The particular expressions
that we use are given in Appendix A.
The fluctuations of the electrostatic potential
are obtained using the quasineutrality equation,∑
s Zs
∫
d3w δf¯s = 0, where the integral in velocity space
is taken at fixed x. Employing d3w = B dw|| dµ dϕ, we
find that quasineutrality becomes∑
s
ZsB
∫
dw|| dµ dϕ h¯s(x− ρs)−
∑
s
Z2s ensφ¯
Ts
= 0,
(14)
where we have stressed that h¯s depends on velocity
not only through w|| and µ, but also through X =
x − ρs(µ, ϕ). The parallel vector potential A¯|| and
the parallel magnetic field B¯|| are both determined
by the current equation ∇ × (∇A¯|| × bˆ + B¯||bˆ) =
(4pi/c)
∑
s Zse
∫
d3w δf¯sw. The parallel component of
this equation gives
−∇2⊥A¯|| =
∑
s
4piZseB
c
∫
dw|| dµ dϕ h¯s(x− ρs)w||,
(15)
and the perpendicular component is
∇B¯|| × bˆ =
∑
s
4piZseB
c
∫
dw|| dµ dϕ h¯s(x− ρs)w⊥.
(16)
We have neglected the parallel gradient bˆ ·∇ ∼ 1/a of A¯||
and the gradient ∇ ∼ 1/a of the background magnetic
field B because they are much smaller than the perpen-
dicular gradients ∇⊥ ∼ 1/ρi of the fluctuations.
C. Local approximation
Since the characteristic perpendicular length of the
turbulent structures is much shorter than the parallel
length, it is convenient to describe the turbulent pieces
h¯s(ψ(X), α(X, t), θ(X), w||, µ, t), φ¯(ψ(x), α(x, t), θ(x), t),
A¯||(ψ(x), α(x, t), θ(x), t) and B¯||(ψ(x), α(x, t), θ(x), t) by
two coordinates perpendicular to the magnetic field line,
ψ and α, and a coordinate to locate the position along
the magnetic field that in this case is the poloidal angle θ.
We stress that the distribution function depends on the
guiding center position X and that the electromagnetic
fields depend on the position x. Here α(x, t) is the co-
ordinate in the direction perpendicular to the magnetic
field within the flux surface and rotating with toroidal
angular velocity Ωζ , defined such that B = ∇α × ∇ψ
and ∂α/∂t+ Ωζ(∂α/∂ζ) = 0, i.e.,
α = ζ − q(ψ)ϑ(ψ, θ)− Ωζ(ψ)t, (17)
where
ϑ(ψ, θ) =
I(ψ)
q(ψ)
∫ θ
0
dθ′ (R2B · ∇θ)−1|ψ,θ′ (18)
4and q(ψ) = |(I/2pi) ∫ 2pi
0
dθ (R2B · ∇θ)−1| is the safety
factor. The advantage of using the time dependent vari-
able α is that the E×B shear [11, 16] is included in the
formulation in a natural way, as we will see.
In the local approximation, the characteristic perpen-
dicular size of the turbulent structures is assumed to be
small compared to the background length scale. The
local δf equations only depend on ψ and α through
the unknowns h¯s, φ¯, A¯|| and B¯||. It is then more
convenient to Fourier analyze the distribution func-
tion and the electromagnetic fields. Defining g =
(∆ψ∆α)−1
∫
∆ψ
dψ
∫
∆α
dα g¯ exp(−ikψψ−ikαα), with i =√−1, g = {hs, φ,A||, B||}, g¯ = {h¯s, φ¯, A¯||, B¯||}, and ∆ψ
and ∆α the size of the domain of interest, and using Ap-
pendix B, the δf gyrokinetic equation becomes
∂hs
∂t
+ w||bˆ · ∇θ∂hs
∂θ
+ ikψhsv
ψ
d,s + ikαhsv
α
d,s
+a||,s
∂hs
∂w||
−
∑
s′
〈
C
(`)
ss′
〉
s
+ {〈χ〉s, hs}
=
ZsefMs
Ts
∂〈χ〉s
∂t
− fMsvψχ,s
[
1
ns
∂ns
∂ψ
+
msIw||
BTs
∂Ωζ
∂ψ
+
Zse
Ts
∂Φ0
∂ψ
− msRΩ
2
ζ
Ts
∂R
∂ψ
+
(
msw
2
2Ts
− 3
2
)
1
Ts
∂Ts
∂ψ
]
.(19)
Here, the turbulent components of the electromagnetic
field are contained in
〈χ〉s = J0(zs)
(
φ− 1
c
w||A||
)
+
2J1(zs)
zs
msµ
Zse
B||, (20)
where Jn(zs) is the n-th Bessel function of the first kind.
The function zs(kψ, kα, θ, µ, t) is
zs(kψ, kα, θ, µ, t) =
k⊥
√
2µB
Ωs
, (21)
with
k⊥ = (k2ψ|∇ψ|2 + 2kψkα∇ψ · ∇α+ k2α|∇α|2)1/2 (22)
the magnitude of the perpendicular wavenumber. Note
that the perpendicular wavenumber increases with time
because ∇α = . . .−∇ψ(∂Ωζ/∂ψ)t. This is equivalent to
the procedure generally employed in local δf simulations
to account for the shear in the E×B drift [10, 11, 27]. The
generalized potential 〈χ〉s appears in the radial turbulent
drift
vψχ,s = ikαc〈χ〉s (23)
and in the nonlinear term
{〈χ〉s, hs} = c
∑
k′
ψ
,k′α
(k′ψkα − kψk′α)〈χ〉s(k′ψ, k′α)
×hs(kψ − k′ψ, kα − k′α). (24)
The ψ and α components of the drift velocity are
vψd,s =
[
− cI
B
∂Φ0
∂θ
−
I(w2|| + µB)
BΩs
∂B
∂θ
+
2BRΩζw||
Ωs
∂R
∂θ
+
IRΩ2ζ
Ωs
∂R
∂θ
]
bˆ · ∇θ (25)
and
vαd,s = −c
[
∂Φ0
∂ψ
− ∂Φ0
∂θ
(∇α× bˆ) · ∇θ
B
]
−
w2|| + µB
Ωs
[
∂B
∂ψ
− ∂B
∂θ
(∇α× bˆ) · ∇θ
B
]
−
4piw2||
BΩs
∂p
∂ψ
∣∣∣∣
R
+
2Ωζw||
Ωs
(∇R× ζˆ) · ∇α
+
mscRΩ
2
ζ
Zse
[
∂R
∂ψ
− ∂R
∂θ
(∇α× bˆ) · ∇θ
B
]
. (26)
The parallel acceleration is
a||,s =
(
−µ∂B
∂θ
− Zse
ms
∂Φ0
∂θ
+RΩ2ζ
∂R
∂θ
)
bˆ · ∇θ. (27)
The Fourier transform of the gyroaveraged collision op-
erator for collisions between species s and s′, 〈C(`)ss′〉s, is
given in Appendix C.
The local versions of the quasineutrality equation (14),
the parallel current equation (15) and the perpendicular
current equation (16) are obtained in Appendix D, and
are given by
∑
s
2piZsB
∫
dw|| dµhsJ0(zs)−
∑
s
Z2s ensφ
Ts
= 0, (28)
k2⊥A|| =
∑
s
8pi2ZseB
c
∫
dw|| dµhsw||J0(zs) (29)
and
BB||
4pi
+
∑
s
2pimsB
2
∫
dw|| dµhsµ
2J1(zs)
zs
= 0. (30)
The perpendicular current equation (30) has been rewrit-
ten as a perpendicular pressure balance.
D. Radial flux of toroidal angular momentum
The radial flux of toroidal angular momentum is given
by
Π =
∑
s
〈Πs〉∆t + 〈ΠB〉∆t, (31)
5where
Πs = ms
〈〈
R
∫
d3w fs(v · ζˆ)(v · ∇ψ)
〉
ψ
〉
∆ψ
(32)
is the momentum flux due to the species s, and
ΠB = − 1
4pi
〈〈
R[(B + δB¯) · ζˆ][(B + δB¯) · ∇ψ]
〉
ψ
〉
∆ψ
(33)
is the momentum flux due to the Maxwell stress. Here,
〈. . .〉ψ = (V ′)−1
∫
dθ dζ J (...) is the flux surface av-
erage, V ′ ≡ dV/dψ = 2pi ∫ dθJ , and 〈. . .〉∆ψ =
∆ψ−1
∫
∆ψ
dψ (. . .) and 〈. . .〉∆t = ∆t−1
∫
∆t
dt (. . .) are
coarse grain averages over a radial region ∆ψ and over
a time interval ∆t larger than the decorrelation length
and time of the turbulence, respectively. In the local
approximation, ∆ψ is much shorter than the charac-
teristic length of variation of the background profiles
of density, temperature and velocity, and ∆t is much
shorter than the transport time scale. We remind the
reader that the velocity v = w + RΩζ ζˆ, used in equa-
tion (32) and in some other equations in this section,
is the velocity in the laboratory frame. Note also that
the distribution function fs includes the lowest order
Maxwellian fMs, the turbulent contribution δf¯s and neo-
classical higher order pieces. Finally, it is worth pointing
out that our definition of radial flux of toroidal angular
momentum does not have units of pressure× length, but
of pressure× (length)2× (magnetic field) because our ra-
dial variable ψ, which appears in the gradient ∇ψ, has
dimensions of (length)2 × (magnetic field).
To calculate an expression for the turbulent contribu-
tion to Πs, it is convenient to use the full Fokker-Planck
equation
∂fs
∂t
+ v · ∇fs +
{
Ωsv × bˆ + Zse
ms
[
−∇(Φ−1 + Φ0)
+δE¯ +
1
c
w × δB¯
]}
· ∇vfs =
∑
s′
Css′ [fs, fs′ ].(34)
The turbulent Lorentz force is expressed in terms of the
peculiar velocity w = v −RΩζ ζˆ because the fluctuating
magnetic fields are calculated in the rotating frame. By
taking moments of (34) we obtain a simplified expression
for Πs [17, 28]. The msR
2(v · ζˆ)2 moment gives
2ZseR
c
∫
d3w fs(v · ζˆ)(v · ∇ψ) = −2ZseR2
∫
d3w fs(v · ζˆ)
(
δE¯ +
1
c
w × δB¯
)
· ζˆ + ∂
∂t
[
msR
2
∫
d3w fs(v · ζˆ)2
]
+∇ ·
[
msR
2
∫
d3w fsv(v · ζˆ)2
]
−msR2
∑
s′
∫
d3wCss′ [fs, fs′ ](v · ζˆ)2,(35)
where we have used RB× ζˆ = ∇ψ and ∇(Rζˆ) = (∇R)ζˆ− ζˆ(∇R). Taking a flux surface average and the coarse grain
averages over radius and time in this equation, we find that the second and third terms in the right side vanish to
order 2i psR|∇ψ|. The last term only gives a neoclassical contribution, leaving the turbulent transport of momentum
〈
Πtbs
〉
∆t
= −c
〈〈〈
msR
2
∫
d3w h¯s(w · ζˆ +RΩζ)
(
δE¯ +
1
c
w × δB¯
)
· ζˆ
〉
ψ
〉
∆ψ
〉
∆t
∼ 2i psR|∇ψ|. (36)
Note that only the fluctuating piece of the distribution
function δf¯s = h¯s − (Zseφ¯/Ts)fMs contributes to the
turbulent transport of toroidal angular momentum be-
cause the coarse grain averages satisfy 〈〈δf¯s〉∆ψ〉∆t = 0,
〈〈δE¯〉∆ψ〉∆t = 0 and 〈〈δB¯〉∆ψ〉∆t = 0. In addition,
the contribution from the Maxwell-Boltzmann response
−(Zseφ¯/Ts)fMs vanishes upon integrating over velocity
space and over the spatial scales of the turbulence.
The turbulent contribution to the Maxwell stress is
ΠtbB = −
1
4pi
〈〈
R(δB¯ · ζˆ)(δB¯ · ∇ψ)
〉
ψ
〉
∆ψ
. (37)
This contribution is usually small for low β plasmas, but
it can become important where the pressure gradient ap-
proaches the ballooning threshold [29, 30].
To study the different contributions to the turbulent
transport of momentum in (36) and (37), we rewrite Πtbs
and ΠtbB using δE¯ = −∇⊥φ¯, δB¯ = B¯||bˆ + ∇A¯|| × bˆ,
w × δB¯ = ∇⊥A¯||w|| − (w⊥ · ∇⊥A¯||)bˆ + B¯||(w × bˆ) and
Rζˆ = (Ibˆ/B)− (bˆ×∇ψ/B), giving
Πtbs = pis,|| + pis,⊥ +ms〈R2〉ψΩζgs (38)
and
ΠtbB = piB,|| + piB,⊥. (39)
The transport of momentum has three contributions:
a piece
∑
sms〈R2〉ψΩζgs, where gs is very similar to
6but not exactly the radial flux of particles, a piece∑
s(pis,||+pis,⊥) that is related to the radial-toroidal com-
ponent of the viscosity and the Reynolds stress, and the
Maxwell stress piB,|| + piB,⊥. The different contributions
pis,||, pis,⊥, piB,|| and piB,⊥ are classified according to the
component of the momentum that they are transporting.
The components
pis,|| =
〈〈
msI
B
∫
d3w h¯s
{
w||v¯
ψ
tb +
1
B
[Iw||
−(w × bˆ) · ∇ψ](w⊥ · ∇A¯||)
}〉
ψ
〉
∆ψ
(40)
and
piB,|| = −
〈〈
I
4piB
B¯||(∇A¯|| × bˆ) · ∇ψ
〉
ψ
〉
∆ψ
(41)
transport parallel momentum and dominate in a tokamak
where the magnetic field is mainly toroidal. Here the
radial component of the turbulent velocity is
v¯ψtb =
(
− c
B
∇φ¯× bˆ + w||
B
∇A¯|| × bˆ−
B¯||
B
w⊥
)
· ∇ψ.
(42)
The components
pis,⊥ = −
〈〈
ms
B
∫
d3w h¯s[(w× bˆ) ·∇ψ]v¯ψtb
〉
ψ
〉
∆ψ
(43)
and
piB,⊥ = −
〈〈
1
4piB
(∇A¯|| · ∇ψ)(∇A¯|| × bˆ) · ∇ψ
〉
ψ
〉
∆ψ
(44)
transport perpendicular momentum and dominate for
tokamaks where the magnetic field is mainly poloidal.
Finally, gs is
gs =
1
〈R2〉ψ
〈〈
R2
∫
d3w h¯sv¯
ψ
tb
〉
ψ
〉
∆ψ
. (45)
In Appendix E we evaluate pis,||, pis,⊥, gs, piB,|| and piB,⊥
employing the Fourier analyzed distribution function and
electromagnetic field obtained from the local formulation
in section II C. In what follows, the different contribu-
tions to pis,||, pis,⊥ and gs are classified according to which
type of fluctuation in the electromagnetic fields drives
them. The flux of parallel momentum due to species s is
pis,|| = pi
φ
s,|| + pi
A||
s,|| + pi
B||
s,|| , with
piφs,|| =
4pi2imscI
V ′
∑
kψ,kα
kα
∫
dθJ φ(kψ, kα)
×
∫
dw|| dµhs(−kψ,−kα)w||J0(zs), (46)
pi
A||
s,|| = −
4pi2imsI
V ′
∑
kψ,kα
kα
∫
dθJA||(kψ, kα)
×
∫
dw|| dµhs(−kψ,−kα)
[
w2||J0(zs)− µB
2J1(zs)
zs
]
(47)
and
pi
B||
s,|| =
4pi2im2scI
ZseV ′
∑
kψ,kα
kα
∫
dθJB||(kψ, kα)
×
∫
dw|| dµhs(−kψ,−kα)w||µ2J1(zs)
zs
. (48)
Similarly pis,⊥ = pi
φ
s,⊥ + pi
A||
s,⊥ + pi
B||
s,⊥, with
piφs,⊥ = −
4pi2m2sc
2
ZseV ′
∑
kψ,kα
kα
∫
dθJ kψφ(kψ, kα)
×
∫
dw|| dµhs(−kψ,−kα)µ2J1(zs)
zs
, (49)
pi
A||
s,⊥ =
4pi2m2sc
ZseV ′
∑
kψ,kα
kα
∫
dθJ kψA||(kψ, kα)
×
∫
dw|| dµhs(−kψ,−kα)w||µ2J1(zs)
zs
(50)
and
pi
B||
s,⊥ = −
2pi2m3sc
2
Z2s e
2V ′
∑
kψ,kα
kα
∫
dθJ kψB||(kψ, kα)
×
∫
dw|| dµhs(−kψ,−kα)µ2G(zs), (51)
where G(zs) = [8J1(zs) + 4zsJ2(zs) − 4zsJ0(zs)]/z3s and
kψ = k⊥ ·∇ψ = kψ|∇ψ|2 +kα∇ψ ·∇α is the projection of
the wavevector on the radial direction. The component
gs = g
φ
s + g
A||
s + g
B||
s , where
gφs =
4pi2ic
V ′〈R2〉ψ
∑
kψ,kα
kα
∫
dθJR2Bφ(kψ, kα)
×
∫
dw|| dµhs(−kψ,−kα)J0(zs), (52)
g
A||
s = − 4pi
2i
V ′〈R2〉ψ
∑
kψ,kα
kα
∫
dθJR2BA||(kψ, kα)
×
∫
dw|| dµhs(−kψ,−kα)w||J0(zs) (53)
and
g
B||
s =
4pi2imsc
ZseV ′〈R2〉ψ
∑
kψ,kα
kα
∫
dθJR2BB||(kψ, kα)
×
∫
dw|| dµhs(−kψ,−kα)µ2J1(zs)
zs
.(54)
7ζJ
pB
ζ
ζJ
pB
ζ
(a) (b)
FIG. 1: Equilibrium (a) and its up-down reflection (b). The
dash-dot line is the axis of symmetry.
The Maxwell stress contribution to the transport of par-
allel momentum is
piB,|| = − iI
2V ′
∑
kψ,kα
kα
∫
dθJB||(kψ, kα)A||(−kψ,−kα).
(55)
Finally, the Maxwell stress contribution to the transport
of perpendicular momentum is
piB,⊥ =
1
2V ′
∑
kψ,kα
kα
∫
dθJ kψ|A||(kψ, kα)|2. (56)
III. SYMMETRY OF THE LOCAL δf
GYROKINETIC FORMULATION
In this section we present two symmetries of the local
δf gyrokinetic formulation. Both of them involve an up-
down reflection as represented in Fig. 1. Note that the
shape of the flux surface is an up-down reflection of the
original one, but the direction of the poloidal magnetic
field is unchanged. Thus, this reflection leaves the di-
rection of the toroidal plasma current unchanged. This
up-down reflection does not affect the toroidal magnetic
field. In fact, one of the symmetries that we present
here will leave it unchanged whereas the other reverses it.
Importantly, for a given equilibrium, with some chosen
poloidal angle definition θ, it is possible to find a related
poloidal angle θ for the up-down reflection such that the
functions of ψ and θ given in Table I satisfy the relations
given in that Table. We prove this in Appendix F.
There are two transformations, which we will call
transformations I and II, that leave the local δf gyroki-
netic system of equations unchanged. They are given
in Table II. To prove that these symmetries hold, it is
necessary to know how certain coefficients in the gyroki-
netic equations transform under up-down reflection. This
TABLE I: Equilibrium quantities under up-down reflection
Before up-down reflection After up-down reflection
|∇ψ|2, ∇ψ · ∇θ, |∇θ|2, B |∇ψ|2, ∇ψ · ∇θ, |∇θ|2, B,
J , ns, Φ0, p, ∂p/∂ψ|R J , ns, Φ0, p, ∂p/∂ψ|R
B · ∇θ −B · ∇θ
TABLE II: Transformation I and II that leave the local δf
gyrokinetic system of equations unchanged.
Before transformation After transformation
I
Geometry Up-down reflected geometry
µ, kα, A|| µ, kα, A||
Ωζ , ∂Ωζ/∂ψ, w||, kψ, −Ωζ , −∂Ωζ/∂ψ, −w||, −kψ,
hs, φ, B|| −hs, −φ, −B||
II
Geometry Up-down reflected geometry
µ, kψ, kα, hs, φ, B|| µ, kψ, kα, hs, φ, B||
I, w||, A|| −I, −w||, −A||
information is contained in Tables I and III. Table III,
derived in Appendix G, is for the coefficients that con-
tain ∇α. Since they depend on I and ∂Ωζ/∂ψ, they
change differently under transformation I or II. With the
information in Tables I and III, it is tedious but straight-
forward to show that the formulation given in subsec-
tion II C is invariant under the transformations in Ta-
ble II. The symmetry under transformation I is the one
that is closer to the the symmetry discovered in Ref. [15].
Since in Ref. [15] some of the effects that we are consid-
ering here were not treated, the transformation is not
exactly the same. In particular, Ref. [15] neglected A||
and B|| and proposed a transformation composed only
of the up-down reflection and the change w|| → −w||.
This symmetry is only valid for the linearized equations
and for the particular case kψ = 0, which is the most
commonly studied in local δf gyrokinetic linear theory.
In addition, Ref. [15] did not state that hs and φ should
change sign under the transformation. The reason is that
the symmetry of the linearized equations cannot deter-
mine if hs, φ, A|| or B|| must change sign. Only the
nonlinear term can determine that.
IV. CONSEQUENCES FOR THE TRANSPORT
OF TOROIDAL ANGULAR MOMENTUM
According to transformation I in Table II, if
hs(kψ, kα, θ, w||, µ, t), φ(kψ, kα, θ, t), A||(kψ, kα, θ, t)
and B||(kψ, kα, θ, t) are solutions of the equa-
tions in subsection II C in a given equilibrium,
then −hs(−kψ, kα, θ,−w||, µ, t), −φ(−kψ, kα, θ, t),
A||(−kψ, kα, θ, t) and −B||(−kψ, kα, θ, t) are solu-
tions in the up-down reflection with Ωζ → −Ωζ and
∂Ωζ/∂ψ → −∂Ωζ/∂ψ. This is important for transport
of momentum because the radial transport of toroidal
angular momentum, given in subsection II D, changes
8TABLE III: Changes under transformations I and II.
Before transformation After transformation
I
|∇α|2, (∇α×B) · ∇θ, |∇α|2, (∇α×B) · ∇θ,
(∇R× ζˆ) · ∇α (∇R× ζˆ) · ∇α
∇ψ · ∇α, ∇θ · ∇α −∇ψ · ∇α, −∇θ · ∇α
II
∇ψ · ∇α, ∇θ · ∇α, |∇α|2, ∇ψ · ∇α, ∇θ · ∇α, |∇α|2,
(∇α×B) · ∇θ (∇α×B) · ∇θ
(∇R× ζˆ) · ∇α −(∇R× ζˆ) · ∇α
sign under transformation I. The contributions piφs,||,
pi
A||
s,|| , pi
B||
s,|| , pi
φ
s,⊥, pi
A||
s,⊥, pi
B||
s,⊥, piB,|| and piB,⊥ change sign.
The contributions gφs , g
A||
s and g
B||
s remain the same, but
since they appear in the momentum flux multiplied by
Ωζ their total contribution also changes sign. Thus, for
any initial condition hs(kψ, kα, θ, w||, µ, t = 0), there is
another initial condition −hs(−kψ, kα, θ,−w||, µ, t = 0)
that gives the opposite pis,||, pis,⊥, piB,|| and piB,⊥ and
the same gs for the up-down reflection with Ωζ → −Ωζ
and ∂Ωζ/∂ψ → −∂Ωζ/∂ψ. Since pis,||, pis,⊥, gs, piB,||
and piB,⊥ are time averaged over times longer than the
decorrelation time, they are independent of the initial
condition, and the radial transport of momentum must
change sign under up-down reflection and the change
Ωζ → −Ωζ and ∂Ωζ/∂ψ → −∂Ωζ/∂ψ. Because the sym-
metry changes the sign of each contribution piφs,||, pi
A||
s,|| ,
pi
B||
s,|| , pi
φ
s,⊥, pi
A||
s,⊥, pi
B||
s,⊥, piB,|| and piB,⊥ independently, this
property holds for each one of them independently. The
same argument is valid for gφs , g
A||
s and g
B||
s . In the
particular case of up-down symmetric tokamaks, this
symmetry implies that the sign of the radial transport
of momentum changes when the sign of Ωζ and ∂Ωζ/∂ψ
is changed, and when Ωζ = 0 and ∂Ωζ/∂ψ = 0, it must
vanish. A consequence of this result is that reversing
the momentum input in up-down symmetric tokamaks
exactly reverses the rotation profile Ωζ(ψ).
For up-down asymmetric configurations, there is tur-
bulent transport of momentum even for Ωζ = 0 and
∂Ωζ/∂ψ = 0 [9]. This momentum flux is strongly depen-
dent on the temperature and density gradients that drive
the turbulence. An explicit expression for the turbulent
momentum flux due to up-down asymmetry has not been
obtained, but it is possible to comment on the size of this
contribution for small up-down asymmetry. We distin-
guish two types of equilibrium quantities that enter in
the coefficients of the gyrokinetic system of equations in
subsection II C: the quantities Q(ψ, θ) for which, in an
up-down symmetric configuration, there exists a poloidal
angle definition θ such that Q(ψ, θ) = Q(ψ,−θ), and
the quantities Q(ψ, θ), for which Q(ψ, θ) = −Q(ψ,−θ).
The former quantities are Q(ψ, θ) = {|∇ψ|2, |∇θ|2, B,B ·
∇θ,J , ns,Φ0, p, ∂p/∂ψ|R} and the latter quantities are
Q(ψ, θ) = {∇ψ · ∇θ}. Any equilibrium quantity can
be divided in its up-down symmetric and antisymmet-
ric pieces, given by QS(ψ, θ) = [Q(ψ, θ) + Q(ψ,−θ)]/2
and QA(ψ, θ) = [Q(ψ, θ) − Q(ψ,−θ)]/2 for Q, and by
Q
S
(ψ, θ) = [Q(ψ, θ) + Q(ψ,−θ)]/2 and QA(ψ, θ) =
[Q(ψ, θ)−Q(ψ,−θ)]/2 for Q. In a tokamak close to up-
down symmetry, there is a poloidal angle definition θ for
which QA  QS and QS  QA. In the gyrokinetic equa-
tion (19) and the Maxwell equations (28)-(30), the quan-
tities Q and Q enter in different coefficients. For small
up-down symmetry, we can expand in QA/QS  1 and
Q
S
/Q
A  1, leaving to lowest order a system of gyroki-
netic equations that only depend on QS and Q
A
. In this
case, the lowest order solutions h
(0)
s , φ(0), A
(0)
|| and B
(0)
||
have the symmetry properties of the up-down symmetric
case and the momentum flux is zero. For example,
pi
φ(0)
s,|| =
4pi2imscI
V ′
∑
kψ,kα
kα
∫
dθJ Sφ(0)(kψ, kα)
×
∫
dw|| dµh(0)s (−kψ,−kα)w||J0(zSs ) = 0, (57)
where by using the superscript S we have emphasized
that to this order J and zs are evaluated using only the
up-down symmetric coefficients QS and Q
A
. The next
order correction to the system of gyrokinetic equations
is linear in the next order corrections h
(1)
s , φ(1), A
(1)
|| and
B
(1)
|| to the lowest order solutions, and contains the anti-
symmetric coefficients QA and Q
S
. As a result,
h
(1)
s
h
(0)
s
∼ φ
(1)
φ(0)
∼
A
(1)
||
A
(0)
||
∼
B
(1)
||
B
(0)
||
∼ Q
A
QS
∼ Q
S
Q
A
 1. (58)
Since the lowest order momentum flux is zero, the contri-
bution due to these higher order correction becomes the
only contribution. For example, to next order we find
pi
φ(1)
s,|| =
4pi2imscI
V ′
∑
kψ,kα
kα
∫
dθJ Sφ(1)(kψ, kα)
×
∫
dw|| dµh(0)s (−kψ,−kα)w||J0(zSs )
+
4pi2imscI
V ′
∑
kψ,kα
kα
∫
dθJ Sφ(0)(kψ, kα)
×
∫
dw|| dµh(1)s (−kψ,−kα)w||J0(zSs )
+
4pi2imscI
V ′
∑
kψ,kα
kα
∫
dθJ Aφ(0)(kψ, kα)
×
∫
dw|| dµh(0)s (−kψ,−kα)w||J0(zSs )
−4pi
2imscI
V ′
∑
kψ,kα
kα
∫
dθJ Sφ(0)(kψ, kα)
×
∫
dw|| dµh(0)s (−kψ,−kα)w||J1(zSs )zAs , (59)
9where the superscript A in J A and zAs indicates that
these are the next order corrections in QA/QS  1 and
Q
S
/Q
A  1 to the coefficients J and zs, and as a con-
sequence, they contain QA and Q
S
. Note that pi
φ(1)
s,|| con-
tains terms that have exactly the opposite symmetry to
the symmetry that made the lowest order contribution
pi
φ(0)
s,|| zero. Thus, the contribution to momentum flux
due to up-down asymmetry is proportional to the asym-
metric component of the equilibrium coefficients, that is,
proportional to QA and Q
S
.
To demonstrate that the symmetry based on transfor-
mation I is observed in local δf gyrokinetic simulations,
the local δf gyrokinetic code GS2 [3] was used to solve the
gyrokinetic system of equations (19) and (28) for an up-
down symmetric equilibrium with Ωζ = 0, but with three
different values of ∂Ωζ/∂ψ: zero and ±0.2 q2vti/ε2R30B0.
Here vti =
√
Ti/mi, Ti and mi are the ion thermal speed,
temperature and mass, R0 and B0 are the major radius
and the magnetic field at the magnetic axis, q = 1.4 is
the safety factor, and ε = 0.18 is the inverse aspect ra-
tio. All other equilibrium parameters correspond to the
Cyclone base case [31]. Only electrostatic fluctuations
are considered and a modified Boltzmann response [32]
is employed for the electrons. From the solutions for hi,
we calculate the dimensionless function P(kψ, kα, θ,w||),
defined as
P =
2pickαφ(kψ, kα)
2iR0nivti 〈|∇ψ|〉ψ
∫
dµhi(−kψ,−kα)
×
(
iIw||J0(zi)− mic
e
kψµ
2J1(zi)
zi
)
, (60)
where ni, pi = niTi and ρi = micvti/eB are ion density,
pressure and thermal gyroradius, and i = ρi/R0. The
function P can be understood as the dimensionless contri-
bution to the radial momentum flux due to fluctuations
at the poloidal angle θ with dimensionless wavelength
kψ = kψi(εR
2
0B0/q) and kα = kαi(q/ε) when inter-
acting with particles with dimensionless parallel velocity
w|| = w||/vti. The function P is related to the turbulent
toroidal angular momentum flux by
〈piφi,|| + piφi,⊥〉∆t
2iR0pi 〈|∇ψ|〉ψ
=
2pi
V ′
∑
kψ,kα
∫
dθJ
∫
dw||P. (61)
From the symmetry under transformation I in
Table II, we find that 〈P(kψ, kα,w||, θ)〉∆t =
−〈P(−kψ, kα,−w||,−θ)〉∆t for the case with ∂Ωζ/∂ψ = 0.
The change in sign in the angle θ is due to the up-down
reflection. As proven in Appendix F, for every angle
θ defined for an equilibrium, there is an angle θ for
the up-down reflection such that Table I is satisfied.
In this case, for which the up-down reflection is the
flux surface itself, we choose the poloidal angle def-
inition θ so that the corresponding poloidal angle
for the up-down reflection is simply −θ. The result
〈P(kψ, kα,w||, θ)〉∆t = −〈P(−kψ, kα,−w||,−θ)〉∆t is
confirmed by Figs. 2(a) and 2(b), which clearly show
that the integrals of the function P(kψ, kα, θ,w||)
Pw||,θ(w||, θ) =
〈 ∑
kψ,kα
P
〉
∆t
(62)
and
Pkψ,kα(kψ, kα) =
〈
2pi
V ′
∫
dθJ
∫
dw||P
〉
∆t
(63)
satisfy the relations
Pw||,θ(w||, θ) = −Pw||,θ(−w‖,−θ) (64)
and
Pkψ,kα(kψ, kα) = −Pkψ,kα(−kψ, kα). (65)
This symmetry is broken for the cases with fi-
nite ∂Ωζ/∂ψ, which are shown in Figs. 2(c)-2(f).
Observe that the symmetry also gives that the
case with negative ∂Ωζ/∂ψ has P−(kψ, kα,w||, θ) =
−P+(−kψ, kα,−w||,−θ), where P+(kψ, kα,w||, θ) is the
function P for the case with positive ∂Ωζ/∂ψ, and
P−(kψ, kα,w||, θ) is the function P for the negative
∂Ωζ/∂ψ. This is confirmed by comparing Fig. 2(c)
with 2(e), and Fig. 2(d) with 2(f). As a consequence
of these symmetries, the case with ∂Ωζ/∂ψ = 0 has
〈piφi,|| + piφi,⊥〉∆t = 0, while the other cases have 〈piφi,|| +
piφi,⊥〉∆t = ±2.6 2iR0pi〈|∇ψ|〉ψ.
Following the same reasoning as for transformation I,
transformation II in Table II implies that the transport of
momentum remains the same for an up-down reflection
and a reversal of the toroidal magnetic field Bζ = I/R.
This means then that for an up-down symmetric toka-
mak, the transport of momentum cannot depend on the
direction of the toroidal magnetic field. For example, the
Coriolis pinch [7] will remain the same under a reversal
of the toroidal magnetic field.
These symmetries of the lowest order gyrokinetic for-
mulation have very important consequences for the mod-
eling of spontaneous rotation profiles in tokamaks with-
out net momentum input. When no momentum is in-
jected, the radial momentum flux across any flux surface
within the separatrix must vanish, i.e., Π(ψ) = 0. In the
absence of up-down asymmetry, the radial transport of
momentum given by the lowest order gyrokinetic model
vanishes for Ωζ = 0 and ∂Ωζ/∂ψ = 0. Thus, for zero or
negligible velocity in the edge, the solution to the equa-
tion Π(Ωζ , ∂Ωζ/∂ψ) = 0 is Ωζ(ψ) = 0 everywhere. To
obtain Ωζ(ψ) 6= 0 with the lowest order gyrokinetic for-
mulation, we need to assume that there is some up-down
asymmetry [9]. This limits the applicability of the lowest
order formulation to studies of spontaneous rotation in
very up-down asymmetric configurations. When higher
order terms are considered [17, 18], more mechanisms for
the generation of spontaneous rotation arise.
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FIG. 2: (Color online) Contributions to momentum transport for different values of ∂Ωζ/∂ψ: (a)-(b) ∂Ωζ/∂ψ = 0; (c)-(d)
∂Ωζ/∂ψ = 0.2 q
2vti/ε
2R30B0; and (e)-(f) ∂Ωζ/∂ψ = −0.2 q2vti/ε2R30B0. Note that in figures (e) and (f) the color map has been
inverted to aid the comparison with figures (c) and (d).
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Appendix A: Collision operator
The linearized collision operator is given by
C¯
(`)
ss′ = ∇w · (Γ¯λss′ + Γ¯εss′ + Γ¯Rss′). (A1)
The different contributions to the collision operator are
the pitch-angle scattering
Γ¯λss′ = ν
λ
ss′(w
2
↔
I −ww) · ∇wh¯s, (A2)
the energy scattering
Γ¯εss′ = ν
ε
ss′ w
(
w · ∇wh¯s + msw
2
Ts′
h¯s
)
, (A3)
and the integral contribution
Γ¯Rss′ = −
msγss′fMs
Ts
(
w · ∇w∇wH¯s′ + Ts
ms′
∇wL¯s′
)
,
(A4)
where the Rosenbluth potentials H¯s′ and L¯s′ are obtained
by solving the differential equations ∇2wL¯s′ = −8pih¯s′
and ∇2wH¯s′ = L¯s′ . Here γss′ = 2piZ2sZ2s′e4 ln Λ/m2s, ln Λ
is Coulomb’s logarithm,
νλss′(w) =
γss′ns′m
3/2
s′
23/2T
3/2
s′
(
2w2s′ − 1
2w5s′
Φ(ws′) +
1
2w4s′
dΦ
dws′
)
(A5)
is the pitch-angle scattering collision frequency, and
νεss′(w) =
γss′ns′m
3/2
s′
23/2T
3/2
s′
(
Φ(ws′)
w5s′
− 1
w4s′
dΦ
dws′
)
(A6)
is the energy scattering collision frequency. We have
used the abbreviated notation ws′ = w/
√
2Ts′/ms′ ,
Φ(ws′) = (2/
√
pi)
∫ ws′
0
dy exp(−y2) and dΦ/dws′ =
(2/
√
pi) exp(−w2s′).
Appendix B: Derivation of the local δf kinetic
equation (19)
In this Appendix we derive (19) from (8). We Fourier
analyze the equation term by term.
We change from the spatial coordinates X to the new
coordinates ψ(X), α(X, t) and θ(X). After this co-
ordinate transformation, and after Fourier transform-
ing, the term ∂h¯s/∂t+ RΩζ ζˆ · ∇Xh¯s becomes ∂hs/∂t+
[(∂α/∂t) + RΩζ ζˆ · ∇α]ikαhs. We drop the subscript X
in ∇X for simplicity. Employing ∂α/∂t + RΩζ ζˆ · ∇α =
0, ∂h¯s/∂t + RΩζ ζˆ · ∇Xh¯s becomes ∂hs/∂t. Similarly,
the Fourier transform of ∂〈χ¯〉s/∂t + RΩζ ζˆ · ∇X〈χ¯〉s is
∂〈χ〉s/∂t.
The Fourier transform of vd,s ·∇Xh¯s is ikψhsvd,s ·∇ψ+
ikαhsvd,s · ∇α + vd,s · ∇θ(∂hs/∂θ). The contribution
vd,s · ∇θ(∂/∂θ) is negligible since we assume that the
parallel derivative ∂/∂θ is small compared to k⊥. Before
evaluating vd,s · ∇ψ and vd,s · ∇α, we rewrite the cur-
vature drift by employing the MHD equilibrium result
bˆ·∇bˆ = B−1∇⊥B+(4pi/B2)(∂p/∂ψ|R)∇ψ. Then, defin-
ing vψd,s = vd,s · ∇ψ and vαd,s = vd,s · ∇α, and employing
that the gradient of the axisymmetric quantities Φ0, B
andR can be written as∇X = ∇ψ(∂/∂ψ)+∇θ(∂/∂θ), we
find expressions (25) and (26). To obtain the final form of
these equations we have used (∇θ× ζˆ) ·∇ψ = RB ·∇θ for
the ψ component of vco,s, bˆ×∇ψ = Ibˆ−RBζˆ for the ψ
component of vE0, vM,s and vcf,s, and (∇α×∇ψ)·bˆ = B
for the α component of vE0, vM,s and vcf,s.
The nonlinear term {〈χ〉s, hs} is the Fourier transform
of v¯χ,s ·∇Xh¯s. The generalized potential 〈χ¯〉s in (10) can
be Fourier transformed by realizing that
〈χ¯〉s =
∑
kψ,kα
〈χ exp(iS(x))〉s, (B1)
where χ = φ−c−1(w||A||+w⊥·A⊥) and S(x) = kψψ(x)+
kαα(x). Using S(x) = S(X +ρs) ' S(X) + k⊥ ·ρs, with
k⊥ = kψ∇ψ+ kα∇α, we find that the Fourier transform
of (B1) is
〈χ〉s = 1
2pi
(
φ− 1
c
w||A||
)∫
dϕ exp(ik⊥ · ρs)
− 1
2pic
A⊥ ·
∫
dϕw⊥ exp(ik⊥ · ρs). (B2)
To obtain the final result in (20), we need to employ
B|| = ibˆ · (k⊥ ×A⊥),∫
dϕ exp(ik⊥ · ρs) = 2piJ0(zs) (B3)
and∫
dϕw⊥ exp(ik⊥ · ρs) = −2pi imscµ
Zse
2J1(zs)
zs
bˆ× k⊥,
(B4)
where zs is defined in (21). To prove (B3), we use (11)
to write k⊥ · ρs = −(
√
2µB/Ωs|∇ψ|)[(kψ|∇ψ|2 + kα∇α ·
∇ψ) sinϕ+Bkα cosϕ]. Then,
k⊥ · ρs = −zs sin(ϕ+ ϕk), (B5)
with ϕk = arctan[Bkα/(kψ|∇ψ|2 + kα∇α · ∇ψ)]. Using
this expression and
exp(iz sinϕ) =
∞∑
n=−∞
Jn(z) exp(inϕ), (B6)
we obtain (B3). Equation (B4) is obtained by realizing
that w⊥ exp(ik⊥ · ρs) = iΩsbˆ × ∇k⊥ exp(ik⊥ · ρs) and
hence
∫
dϕw⊥ exp(ik⊥ · ρs) = 2piiΩsbˆ×∇k⊥J0(zs).
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Finally, the last term in the right side of (19) is the
Fourier transform of the last term in (8). To obtain the
final result in (19), we use (3) to find
1
ns
∂ns
∂θ
+
Zse
Ts
∂Φ0
∂θ
− msRΩ
2
ζ
Ts
∂R
∂θ
= 0. (B7)
Appendix C: Gyroaveraged collision operator
In this Appendix we Fourier transform the gyroaverage
of the collision operator given in Appendix A. To obtain
the Fourier transform, we need to express the collision
operator as〈
C¯
(`)
ss′
〉
s
=
∑
kψ,kα
〈
C
(`)
ss′
〉
s
exp(iS(X)), (C1)
where S(X) = kψψ(X) + kαα(X) depends on the gy-
rocenter position X. This Appendix contains the pro-
cedures that we use to write the different terms in the
gyroaveraged collision operator as in (C1). Once the op-
erator is expressed in this way, it is easy to see that the
coefficients 〈C(`)ss′〉s are the ones that appear in (19).
To differentiate with respect to w in ∇w · Γ¯λss′ and
∇w · Γ¯εss′ , we use that
h¯s =
∑
kψ,kα
hs exp(iS(X)). (C2)
Employing ∇ww|| = bˆ, ∇wµ = w⊥/B and ∇wS(X) =
∇wX · k⊥ = Ω−1s bˆ× k⊥, we find that the Fourier trans-
forms of the gyroaveraged divergences of the vectors Γ¯λss′
and Γ¯εss′ are [33]
〈∇w · Γλss′〉s =
∂Γλss′,w||
∂w||
+
∂Γλss′,µ
∂µ
− k
2
⊥µB
Ω2s
Dλss′ (C3)
and
〈∇w · Γεss′〉s =
∂Γεss′,w||
∂w||
+
∂Γεss′,µ
∂µ
− k
2
⊥µB
Ω2s
Dεss′ . (C4)
Here the pitch-angle scattering terms are
Γλss′,w|| = 2µν
λ
ss′
(
B
∂hs
∂w||
− w|| ∂hs
∂µ
)
, (C5)
Γλss′,µ = 2µν
λ
ss′
(
− w|| ∂hs
∂w||
+
w2||
B
∂hs
∂µ
)
(C6)
and Dλss′ = [1 + (w
2
||/µB)]ν
λ
ss′hs, and the energy scatter-
ing terms are
Γεss′,w|| = w||ν
ε
ss′
(
w||
∂hs
∂w||
+ 2µ
∂hs
∂µ
+
msw
2
Ts′
hs
)
, (C7)
Γεss′,µ = 2µν
ε
ss′
(
w||
∂hs
∂w||
+ 2µ
∂hs
∂µ
+
msw
2
Ts′
hs
)
(C8)
and Dεss′ = ν
ε
ss′hs. Note that w
2 = w2|| + 2µB.
To Fourier transform the gyroaveraged divergence of
Γ¯Rss′ , it is convenient to write the Rosenbluth poten-
tials H¯s′(x, w||, µ, ϕ, t) and L¯s′(x, w||, µ, ϕ, t) as functions
of the position of the particle x instead of the guid-
ing center X. To obtain H¯s′ and L¯s′ from equations
∇2wL¯s′ = −8pih¯s′ and ∇2wH¯s′ = L¯s′ , we use (C2), where
S(X) = S(x−ρs) ' S(x)−k⊥ ·ρs, and we employ (B5)
and (B6) to write
h¯s =
∑
kψ,kα
∞∑
n=−∞
Jn(zs)hs exp(in(ϕ+ϕk)+iS(x)). (C9)
Using the decompositions
L¯s′ =
∑
kψ,kα
∞∑
n=−∞
Ls′,n exp(in(ϕ+ ϕk) + iS(x)) (C10)
and
H¯s′ =
∑
kψ,kα
∞∑
n=−∞
Hs′,n exp(in(ϕ+ϕk)+ iS(x)), (C11)
we obtain the functions Ls′,n(kψ, kα, w||, µ, t) and
Hs′,n(kψ, kα, w||, µ, t) from equations
∂2Ls′,n
∂w2||
+
2
B
∂
∂µ
(
µ
∂Ls′,n
∂µ
)
− n
2
2µB
Ls′,n = −8piJn(zs′)hs′
(C12)
and
∂2Hs′,n
∂w2||
+
2
B
∂
∂µ
(
µ
∂Hs′,n
∂µ
)
− n
2
2µB
Hs′,n = Ls′,n. (C13)
With the decompositions (C10) and (C11), and ∇ww|| =
bˆ, ∇wµ = w⊥/B, ∇wϕ = −w × bˆ/2µB, ∇w∇ww|| = 0,
∇w∇wµ = (
↔
I −bˆbˆ)/B and ∇w∇wϕ = [w⊥(w × bˆ) +
(w × bˆ)w⊥]/4µ2B2, we obtain
∇w · Γ¯Rss′ =
∑
kψ,kα
∞∑
n=−∞
[
∂GRss′,w||,n
∂w||
+
∂GRss′,µ,n
∂µ
−k
2
⊥µB
Ω2s
∆Rss′,n
]
exp(in(ϕ+ ϕk) + iS(x)),(C14)
where
GRss′,w||,n = −
msγss′fMs
Ts
(
w||
∂2Hs′,n
∂w2||
+2µ
∂2Hs′,n
∂w||∂µ
+
Ts
ms′
∂Ls′,n
∂w||
)
, (C15)
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GRss′,µ,n = −
2µmsγss′fMs
BTs
(
w||
∂2Hs′,n
∂w||∂µ
+2µ
∂2Hs′,n
∂µ2
+
∂Hs′,n
∂µ
+
Ts
ms′
∂Ls′,n
∂µ
)
(C16)
and
∆Rss′,n = −
n2
z2s
msγss′fMs
µBTs
(
w||
∂Hs′,n
∂w||
+2µ
∂Hs′,n
∂µ
−Hs′,n + Ts
ms′
Ls′,n
)
. (C17)
Using S(x) = S(X + ρs) ' S(X) + k⊥ · ρs and (B6), we
find
exp(iS(x)) =
∞∑
n=−∞
Jn(zs) exp(−in(ϕ+ ϕk) + iS(X)),
(C18)
giving that the Fourier transform of the gyroaverage of
∇w · Γ¯Rss′ is
〈∇w · ΓRss′〉s =
∞∑
n=−∞
Jn(zs)
(
∂GRss′,w||,n
∂w||
+
∂GRss′,µ,n
∂µ
− k
2
⊥µB
Ω2s
∆Rss′,n
)
. (C19)
This equation combined with (C3) and (C4) gives that
the Fourier transform of the collision operator is〈
C
(`)
ss′
〉
s
=
∂
∂w||
(
Γλss′,w|| + Γ
ε
ss′,w|| + Γ
R
ss′,w||
)
+
∂
∂µ
(
Γλss′,µ + Γ
ε
ss′,µ + Γ
R
ss′,µ
)
−k
2
⊥µB
Ω2s
(
Dλss′ +D
ε
ss′ +D
R
ss′
)
, (C20)
where
ΓRss′,w|| =
∞∑
n=−∞
Jn(zs)G
R
ss′,w||,n, (C21)
ΓRss′,µ =
∞∑
n=−∞
Jn(zs)G
R
ss′,µ,n (C22)
and
DRss′ =
∞∑
n=−∞
[
Jn−1(zs)− Jn+1(zs)
2µzs
GRss′,µ,n
+Jn(zs)∆
R
ss′,w||,n
]
. (C23)
To obtain the final result in (C20), we integrated
the first two terms in (C19) by parts in w|| and µ,
and we used ∂Jn(zs)/∂w|| = 0 and ∂Jn(zs)/∂µ =
(k⊥
√
B/Ωs
√
2µ)(dJn/dzs), where dJn/dzs = [Jn−1(zs)−
Jn+1(zs)]/2.
Appendix D: Derivation of the local δf equations for
the electromagnetic fields
In this Appendix we show how to obtain (28)-(30) from
(14)-(16). We only need to Fourier transform (14)-(16).
In equation (14), the integral
∫
dw|| dµ dϕ h¯s can be writ-
ten as ∑
kψ,kα
∫
dw|| dµhs
∫
dϕ exp(iS(X)), (D1)
where S(X) = kψψ(X) + kαα(X). Using S(X) =
S(x − ρs) ' S(x) − k⊥ · ρs and (B3), we find∫
dϕ exp(iS(X)) = 2pi exp(iS(x))J0(zs), and (28) im-
mediately follows. Equations (29) and (30) are ob-
tained from (15) and (16) in a similar way. In equa-
tion (16) we find the integral
∫
dϕw⊥ exp(iS(X)). Using
S(X) ' S(x)− ik⊥ · ρs and (B4), we obtain (30).
Appendix E: Derivation of the local δf flux of
toroidal angular momentum
In this Appendix we show how to obtain (46)-(56) from
(40)-(45). We only show in detail how to obtain (46)
from the term proportional to −(c/B)∇φ¯ × bˆ in (40).
We then briefly cover the other terms. Writing the flux
surface average explicitly, we obtain
piφs,|| =
mscI
V ′∆ψ
∑
kψ,kα,k′ψ,k
′
α
∫
dψ dθ dζ
J
B
×ikαφ(kψ, kα)
∫
d3w hs(k
′
ψ, k
′
α)w||
× exp(iσ(x,X, kψ, kα, k′ψ, k′α)), (E1)
where we employ the abbreviated notation
σ(x,X, kψ, kα, k
′
ψ, k
′
α) = kψψ(x) + kαα(x) + k
′
ψψ(X) +
k′αα(X). Using X = x − ρs, σ can be simplified to
σ ' (kψ + k′ψ)ψ(x) + (kα + k′α)α(x) − ik′⊥ · ρs, with
k′⊥ = k
′
ψ∇ψ + k′α∇α. Using α = ζ − qϑ − Ωζt, and
noting that the integral over ψ and ζ is over distances
much longer than the perpendicular correlation length,
we find that only the contributions with k′ψ = −kψ and
k′α = −kα do not vanish, leading to
piφs,|| =
2piimscI
V ′
∑
kψ,kα
kα
∫
dθ
J
B
φ(kψ, kα)
×
∫
d3w hs(−kψ,−kα)w|| exp(ik⊥ · ρs). (E2)
To obtain the final result in (46), we use d3w =
B dw|| dµ dϕ and (B3).
Equations (47)-(56) are obtained in a similar way. To
obtain the final expressions, we only need (B3), (B4) and∫
dϕw⊥(w × bˆ) exp(ik⊥ · ρs)
= 2piµB
[
2J1(zs)
zs
bˆ×
↔
I − µB
2Ω2s
G(zs)(bˆ× k⊥)k⊥
]
, (E3)
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where G(zs) = [8J1(zs)+4zsJ2(zs)−4zsJ0(zs)]/z3s . This
result is obtained by realizing that w⊥(w× bˆ) exp(ik⊥ ·
ρs) = −Ω2sbˆ×∇k⊥∇k⊥ exp(ik⊥·ρs), giving
∫
dϕw⊥(w×
bˆ) exp(ik⊥ · ρs) = −2piΩ2sbˆ×∇k⊥∇k⊥J0(zs).
Appendix F: Up-down reflection of the equilibrium
In this Appendix we show that it is possible to find a
poloidal angle definition θ for the up-down reflection of
an equilibrium such that Table I is satisfied.
We first calculate the geometrical coefficients B, B·∇θ,
J , |∇ψ|2, ∇ψ · ∇θ and |∇θ|2 as functions of ψ and θ for
some choice of poloidal angle definition θ. We invert
the functions ψ(R,Z) and θ(R,Z), where R and Z are
the typical radial and axial coordinates satisfying ∇R×
∇Z = ζˆ. We then write all the coefficients using the
functions R(ψ, θ) and Z(ψ, θ). The poloidal component
of the magnetic field B · ∇θ = (∇ζ ×∇ψ) · ∇θ is written
in terms of R and Z as
B · ∇θ =
[
R
(
∂R
∂ψ
∂Z
∂θ
− ∂Z
∂ψ
∂R
∂θ
)]−1
. (F1)
The Jacobian J = |B · ∇θ|−1. The products |∇ψ|2,
∇ψ · ∇θ and |∇θ|2 are
|∇ψ|2 =
(
R
J
)2 [(
∂R
∂θ
)2
+
(
∂Z
∂θ
)2]
, (F2)
∇ψ · ∇θ = −
(
R
J
)2(
∂R
∂ψ
∂R
∂θ
+
∂Z
∂ψ
∂Z
∂θ
)
(F3)
and
|∇θ|2 =
(
R
J
)2 [(
∂R
∂ψ
)2
+
(
∂Z
∂ψ
)2]
. (F4)
The magnitude of the magnetic field is B2 = (I2 +
|∇ψ|2)/R2.
For an equilibrium given by R(ψ, θ) and Z(ψ, θ), the
equilibrium described by R(ψ, θ) and −Z(ψ, θ) is the up-
down reflection. This is a way of choosing the poloidal
angle definition θ for the up-down reflection. With this
choice, equivalent to replacing Z by −Z in (F1)-(F4),
we obtain most of the results in Table I. The poloidally
varying quantities ns, p and ∂p/∂ψ|R remain the same
because they depend on θ only through the function
R(ψ, θ), which is unchanged upon up-down reflection.
Appendix G: Proof of the results in Table III
In this Appendix we evaluate the coefficients in Ta-
ble III and express them as functions of other coefficients
whose behavior under the transformations in Table II we
know.
Using ∇α×B = (∇ψ · ∇α)∇α− |∇α|2∇ψ, we find
(∇α×B) · ∇θ = (∇α · ∇ψ)(∇α · ∇θ)− |∇α|2(∇ψ · ∇θ).
(G1)
Using ∇R× ζˆ = −∇Z, we find
(∇R× ζˆ) · ∇α = −∂Z
∂ψ
∇ψ · ∇α− ∂Z
∂θ
∇θ · ∇α. (G2)
Finally, the coefficients |∇α|2, ∇α · ∇ψ and ∇α · ∇θ are
|∇α|2 = 1
R2
+
(
ϑ
∂q
∂ψ
+ q
∂ϑ
∂ψ
+ t
∂Ωζ
∂ψ
)2
|∇ψ|2
+
2I
R2B · ∇θ
(
ϑ
∂q
∂ψ
+ q
∂ϑ
∂ψ
+ t
∂Ωζ
∂ψ
)
∇ψ · ∇θ
+
(
I
R2B · ∇θ
)2
|∇θ|2, (G3)
∇α · ∇ψ = −
(
ϑ
∂q
∂ψ
+ q
∂ϑ
∂ψ
+ t
∂Ωζ
∂ψ
)
|∇ψ|2
− I
R2B · ∇θ∇ψ · ∇θ (G4)
and
∇α · ∇θ = −
(
ϑ
∂q
∂ψ
+ q
∂ϑ
∂ψ
+ t
∂Ωζ
∂ψ
)
∇ψ · ∇θ
− I
R2B · ∇θ |∇θ|
2, (G5)
with the function ϑ(ψ, θ) defined in (18).
With these expressions, and employing Table I, we can
show that transformation I, which is an up-down reflec-
tion and a sign change in Ωζ and ∂Ωζ/∂ψ, transforms
the coefficients as in Table III. We can prove the same
for transformation II, which is an up-down reflection and
a sign change in I.
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